In this paper, we discuss a necessary and sufficient condition for common fixed points of two nonexpansive mappings. We then prove a convergence theorem to a common fixed point. Finally, we discuss the existence of a nonexpansive retraction onto the set of common fixed points of nonexpansive mappings. In these theorems, we do not assume the strict (uniform) convexity of the norm of the Banach space.
INTRODUCTION
A mapping T on a closed convex subset C of a Banach space E is called a nonexpansive mapping if \\Tx -Ty\\ < ||z -y\\ for all x,y e C. We denote by F(T) the set of fixed points of T. We know that F(T) is nonempty if E is uniformly convex and C is bounded; see Browder [4] and Gohde [15] . Kirk [21] extended these result to the case that C is weakly compact and has normal structure. A subset F of C is called a nonexpansive retract of C [5, 13] if either F is empty, or there exists a retraction from C onto F which is a nonexpansive mapping. In 1970, Bruck [5] shows that if E is reflexive and strictly convex, then F(T) is a nonexpansive retract of C; see also [6] . The existence of common fixed point for families of nonexpansive mappings was established by several authors; see Belluce and Kirk [2, 3] , Browder [4] , DeMarr [9] , Lim [24] and others. In 1974, Bruck [7] prove the following generalisation of these common fixed point theorems. THEOREM 1 . (Bruck [7] .
) Suppose a closed convex subset C of a Banach space has both the fixed point property and the conditional fixed point property for nonexpansive mappings, and C is either weakly compact, or bounded and separable. Then for any commuting family S of nonexpansive mappings on C, the set of common fixed points of S is a nonempty nonexpansive retract of C.
Convergence theorems for nonexpansive mappings using Mann's iteration process ( [27] ) also have been studied by several authors; see Edelstein [11] , Edelstein and O'Brien [12] , Groetsch [17] , Ishikawa [18] , Krasnoselskii [22] , Opial [28] , Reich [30] and others. For example, Edelstein and O'Brien [12] proved the following. 2 T. Suzuki [2] THEOREM 2 . (Edelstein and O'Brien [12] .) Let E be a Banach space with the Opial property and let T be a nonexpansive mapping on a weakly compact convex subset C of E. Let xi € C and define a sequence {x n } in C by x n+1 = ctTx n + (1 -a)x n for n G N, where a is a constant number in (0,1). Tien {x n } converges weakly to a fixed point ofT.
Ishikawa [18] proved the following strong convergence theorem.
THEOREM 3 . (Ishikawa [18] .) Let T be a nonexpansive mapping on a compact convex subset C of a Banach space E. Let x\ € C and define a sequence {x n } in C by x n+ i = a n Tx n + (1 -a n )x n for n G N, where {a n } is a sequence in [0,1] satisfying oo limsup n a n < 1 and 53 a n = oo. Then {x n } converges strongly to a fixed point ofT.
Convergence theorems for families of nonexpansive mappings are proved in Atsushiba and Takahashi [1] , Crombez [8] , Ishikawa [19] , Linhart [26] and others.
In this paper, we discuss a necessary and sufficient condition for common fixed points of two nonexpansive mappings. We then prove a convergence theorem to a common fixed point. Finally, we discuss the existence of a nonexpansive retraction onto the set of common fixed points of the nonexpansive mappings. In these theorems, we do not assume the strict (uniform) convexity of the norm of the Banach space.
PRELIMINARIES
Throughout this paper, we denote by N and K the set of positive integers and real numbers, respectively. We put N(k, £) = {i G N : k < i < 1} and N{k, oo) = {i € N : k ^ i) for k, £ G N. For an arbitrary set A, we also denote by $A the number of elements of A. Let E be a. Banach space. In this paper, we assume that a Banach space E is real. We denote by E* the dual space of E. E is said to have the Opial property ( [28] ) if for each weakly convergent sequence {x n } in E with weak limit ZQ, liminf ||x n -z o || < liminf ||i n -ill n->oo n-too holds for all x G E with x ^ z 0 . All Hilbert spaces, all finite dimensional Banach spaces and C (1 ^ p < oo) have the Opial property. A Banach space with a duality mapping which is weakly sequentially continuous also has the Opial property; see [16] . See also [23] , [25] , [29] and [31] . We know that every separable Banach space can be equivalently renormed so that it has the Opial property; see [10] . We also know the following. [3] Common fixed points 
This completes the proof.
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C O M M O N FIXED POINT
In this section, we discuss a necessary and sufficient condition for common fixed points of two nonexpansive mappings. Let 5 and T be nonexpansive mappings on a closed convex subset C of a Banach space E. Then we put (1) n for n € N and x 6 C. Note that a mapping M(n, •) on C is nonexpansive for each n € because
The following theorem is one of the main results in this paper.
THEOREM 4 . Let E be a Banach space with the Opial property and let C be a weakly compact convex subset of E. Let S and T be nonexpansive mappings on C with ST = TS. Then for z€C, the following are equivalent: (i) z is a common fixed point of S and T; (ii) {M(n,z)} converges weakly to z; (iii) tiere exists a subnet {M(i/p,z) : j3 € D} of a sequence {M(n,z)} in C
converging weakly to z.
It is clear that (i) implies (ii) and (iii)
. We prove only (ii) implies (i) because we can similarly prove that (iii) implies (i). Before proving this, we need preliminaries. In the following lemmas and the proof of Theorem 4, we put
for n e N U {oo}, / € E* and e > 0, and
for n e N U {oo} and e > 0. Fix 6 > 0. Then there exists m x e N such that ||S'T**-z|| ^ d+6 for (i,j) € N{m u oo) 2 . For n S N with n > ^ + j x + mi, we have
and hence 
and hence
, by Lemma 2, we have
we have n , / «IA. , , ^n 2 -( n - N(p,n) x N(q,n) ). Then we havê
and hence (i -p,j -q) € B(n, e). So, we obtain / , e / 2 ) + (n -p + l ) ( n -4 + 1) -n 2 ^ jj(yl(n,/,e/2) n {N(p,n) x JV(g,n 10 T. Suzuki [10] for £ e N(l,k). 
ft{S"T«z -u) = /^S ' T '^ -z) + f t (z -u) = \\S>"T«z-z\\+f t (z-u)
for £ € N, we have and hence
By the Opial property of E, we obtain z = u. We also have liminf ||S p "*r»"*z -Sz\\ < liminf ||5""*"'T^z -z|| ^ d
and hence Sz -u. Similarly we can prove Tz = u. Therefore z -Sz = Tz = u and we complete the proof. U [11] Common fixed points 11 holds for all x € C with x ^ z. If C is compact, then the above condition is satisfied. Indeed, if a sequence {x n } in C converges weakly to z, then {x n } converges strongly to z. Hence the following holds.
lim ||x n -z\\ = 0 < ||z -x\\ = lim \\x n -x\\ n-*oo n-Kx> for all x G E with x ^ z. So we can prove the following, which is proved in [32] .
THEOREM 5 . (Suzuki [32].) Let C be a compact convex subset of a Banach space E and let S and T be nonexpansive mappings on C with ST = TS. Then for z 6 C, the following are equivalent: (i) z is a common fixed point of S and T;
(ii)
holds.
lim inf 4. NONEXPANSIVE RETRACTION
In this section, we discuss the nonexpansive retraction onto the set of the common fixed points of nonexpansive mappings. Let 5 and T be nonexpansive mappings on a weakly compact convex subset C of a Banach space E. Define M(-, •) by (1) . We now define a nonexpansive mapping U on C by using the notion of universal net. A net {xg : P € D} in a topological space X is called a universal net [20] for all x E C. Such U is a nonexpansive mapping on C because for x,y € C.
\\Ux -Uy\\ ^ liminf||M(^,x) -M(up,y)\\ < \\x -y\\
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is a Banach space with the Opial property and C is a weakly compact convex subset of E; or (ii) E is a Banach space and C is a compact convex subset of E. Let S and T be nonexpansive mappings on C with ST -TS. Define a nonexpansive mapping U on C by (2). Then F(S) n F(T) = F(U) holds,
PROOF: We first assume Sz = Tz = z. Then M(n,z) -z for all n € N and hence Uz = z. Conversely, we next assume Uz -z. Then in the case of (i), since z = Uz -weak-limM(f0,z), we obtain Sz -Tz = z by Theorem 4. In the case of (ii), we also have
So, by Theorem 5, we obtain Sz = Tz = z. D Using Theorem 6, we obtain the following convergence theorems to a common fixed point of nonexpansive mappings. 14 T. Suzuki [14] mapping U itself is a nonexpansive retraction from C onto F(S) D F(T). U also satisfies US -UT = U. Therefore the following question arise: In our setting, is U always a nonexpansive retraction onto F(S) D F{T)1 The answer is negative; see Example 2 in Section 5.
(ii) Gossez and Lami Dazo [16] prove that every weakly compact convex subset of a Banach space with the Opial property has normal structure. So, Bruck's result (Theorem 1) shows that there exists a nonexpansive retraction Q from C onto F(S) n F{T).
However, Theorem 1 does not assure QS -QT -Q.
As a direct consequence of Theorem 9, we obtain the following.
COROLLARY 1 . Assume that either of the following holds: (i) E is a Banach space with the Opial property and C is a weakly compact convex subset of E; or
(ii) E is a Banach space and C is a compact convex subset of E.
Let T be nonexpansive mappings on C. Then there exists a nonexpansive retraction Q
from C onto F{T) such that Q = Q 2 = QT = TQ.
APPENDIX
In this section we give two examples. We first state an example concerning Theorem 4. where Q is the nonexpansive retraction from C onto F(S) D F(T) defined by (3), and 'clco' means the closed convex hull.
